We provide a brief overview of recent measurements and predictions of thermoelectric properties of single-molecules and porous nanoribbons and discuss some principles underpinning strategies for enhancing their thermoelectric performance. The latter include (a) taking advantage of steep slopes in the electron transmission coefficient T(E), (b) creating structures with delta-function-like transmission coefficients and (c) utilising step-like features in T(E). To achieve high performance, we suggest that the latter may be the most fruitful, since it is less susceptible to inhomogeneous broadening. For the purpose of extrapolating thermoelectric properties of single or few molecules to monolayer molecular films, we also discuss the relevance of the conductance-weighted average Seebeck coefficient.
Introduction
Generation of electricity from waste heat via the Seebeck effect is silent, environmentally friendly and requires no moving parts. Waste heat from automobile exhausts, industrial manufacturing processes data farms and the human body could be used to generate electricity economically, provided more efficient thermoelectric materials could be realised. Conversely Peltier cooling using highperformance thermoelectric materials would have applications ranging from on-chip cooling of CMOS-based devices to home refrigerators. This demand for new thermoelectric materials from the information-technologies, aerospace and automotive industries has led to a world-wide race to develop materials with a high thermoelectric efficiency, characterised by a high dimensionless thermoelectric figure of merit ZT=GS 2 T/ κ, where G is the electrical conductance, S the Seebeck coefficient or thermopower, T the temperature and κ the thermal conductance. In terms of ZT, the maximum efficiency of a thermoelectric generator is η max = η c (a-1)/(a+1) where η c is the Carnot efficiency and a = (ZT+1) 1/2 , whereas the efficiency at maximum power is η p =η CA (a 2 
-1)/(a 2 +1),
where η CA is the Curzon-Ahlborn upper bound. In both cases, the efficiency is a maximum when ZT tends to infinity. In most inorganic materials, the interdependency of transport coefficients constrains the options for materials design and makes optimization a difficult task and despite several decades of development, the best inorganic thermoelectric materials possess a figure of merit ZT slightly above unity only, which is not sufficient to create a viable technology platform for harvesting waste heat from data farms and the ambient environment. Generally, a compromise has been found in nanostructured semiconductors such as Bi 2 Te 3 or PbTe-SrTe alloys. However these materials are toxic and global supplies are limited. As an alternative, organic thermoelectric materials are now being investigated and are beginning to show promising values of both ZT and S. However, fundamental understanding at the molecular level is needed to increase these parameters to values beyond currently-attainable limits. During recent years, several groups have adopted a bottom-up approach to this challenge, by investigating thermoelectric properties of single molecules, which can be regarded as the ultimate nanostructured materials.
Current research in organic thermoelectrics aims to deliver high performance by exploiting room-temperature quantum interference (QI) at the single molecule level [1] and then translating this enhanced functionality to technologically-relevant thin-film materials and devices. Since thermopower is an intrinsic property, it should be possible to design molecules with built-in QI functionality and demonstrate that fundamental manifestations of QI can be manipulated and exploited in many-molecule ultra-thin films. Whereas single-molecules on gold or other metals can be electrically contacted using a STM tip, mono-or few-layer assemblies of molecules will require a planar top contact, which does not affect the integrity of the assembly [2] . For many years, this requirement has been a roadblock to the development of molecular-scale devices, because deposition of a top contact can easily degrade a molecular film. The use of graphene top contacts may overcome this roadblock [3] - [6] and allow the creation of a proper understanding of the integrity of the QI performance at the many-molecule level.
Although the dream of utilising quantum interference (QI) effects [6] in single molecules has been discussed for many years [7] - [14] experimental indications of room-temperature QI in single molecules were obtained only recently [15] - [22] . Building on these measurements, we anticipate the next breakthrough to be the active and continuous control of QI-based functionality in singlemolecular junctions by external triggers, including electrostatic and mechanical gating. Indeed it has been demonstrated both experimentally and theoretically that at a molecular scale, thermopower can be controlled by varying the chemical composition [23] , tuning the position of intra-molecular energy levels relative to the work function of metallic electrodes [24] , [25] , systematically increasing the single-molecule lengths and varying the binding groups within a family of molecules [26] - [30] , by tuning the interaction between two neighbouring molecules [31] , and by controlling the transport properties with an electrostatic [32] or electrochemical gate [33] . These single-molecule experiments yielded room-temperature values of ranging in magnitude from ca. 1 to 50 µV/K. Furthermore mechanical gating of Sc 3 N@C 80 [34] leads to bi-thermoelectric materials with S ranging from +/-20 µV/K depending on pressure and orientation.
Other approaches include developing strategies for increasing the thermopower of crownether-bridged anthraquinones [35] . The novel design feature of these molecules is the presence of either crown-ether or diaza-crown-ether bridges attached to the side of the current-carrying and DMTBDT [40] , -12.3 to 13.0 µV/K for a series of amine-Au and pyridine-Au linked molecules [41] and -8.9 to -33.1 µV/K for fullerene-based single-molecule junctions [24] , [41] .
As noted in [1] , organic thermoelectric materials may be an attractive alternative to inorganics for both thermoelectricty and thermal management, but at present the best organic thermoelectric material with a ZT of 0.6 in room temperature [42] [43] [44] [45] is still not competitive with inorganics.
Strategies for increasing ZT = GS 2 T/κ involve either increasing the numerator or decreasing the denominator. For comparison between single molecules and bulk materials, it is convenient to write
where is the electrical conductivity, the thermal conductivity and P = S 2 the power factor. For a single molecule, the electrical conductivity is not well defined, but for the purpose of comparing with bulk materials, we define = / , where L is the molecular length and A the area that the molecule would occupy in a SAM.
Strategies for reducing the denominator (i.e., κ) of ZT in single-molecule junctions are fundamentally different from inorganic bulk materials. In the latter, phonon transport can be reduced by nanostructuring [48] , [49] , whereas molecular junctions are naturally nanostructured and additional strategies based on molecular phonon conversion [50] become possible, including the reduction of thermal conductance due to weak overlap between the continuum of vibrational states in the electrodes and discrete vibrational states of the molecules or the weak interaction between different part of the molecules, as in π−π stacked structures [51] . In the literature, there are many experiments addressing vibrational properties of single molecules, but far fewer addressing single-molecule phonon transport, because it is extremely difficult to measure the thermal conductance of a single molecule. This difficulty is partly circumvented by scanning thermal microscope measurements of a few thousands of molecules in parallel, such as a recent experimental study of the length-dependent thermal conductance of alkanes by the IBM group [52] , which revealed a surprising initial increase in thermal conductance with length for short alkanes, due to interplay between the Debye frequency of the gold and that of the vibrational modes of the molecule [1] . This suggests that alternative metallic electrodes may be attractive [53] , [54] . Electroburnt graphene junctions are being developed for contacting single molecules [55] - [57] , [14] , [58] , [59] , and form a new class of electrodes, which may be advantageous also in allowing reduction of the effects of defects in the electrodes [60] through the use of extended planar anchor groups [61] - [63] . Other strategies include introducing nanopores into two-dimensionanl nanoribbons formed from silicene or graphene [64, 65] , to reduce phonon transport and increase their Seebeck coefficients and figure of merit. As a first step in the development of strategies for maximising ZT, one often focusses on the so-called electronic figure of merit ZT =
, where κ is the contribution from electron transport to the thermal conductance. Clearly, if κ vanishes, ZT can be infinite. However for the purpose of maximising the full ZT =
, this is not too useful, because it means that the total thermal conductance κ = κ + κ is dominated by the contribution from phonons, κ and furthermore, if the Weidemann-Franz law ~ is satisfied, it means that the power factor vanishes. In what follows, we examine alternative strategies for optimising ZT.
Towards Enhanced Thermoelectricity in Single Molecules and Molecular Films
To understand how transport resonances and quantum interference lead to high thermoelectric performance, we note that in the linear-response regime, the electric current I and heat current ̇ passing through a device is related to the voltage difference ∆V and temperature difference ∆T by
where T is the reference temperature and
In this expression e=-|e| is the electronic charge, ( ) is the transmission coefficient for electrons of energy E, passing through the molecule from one electrode to the other and ( , ) is Fermi
where is Boltzmann's constant.
When ∆ = 0, equation (1) 
Equation (1) can be rewritten in terms of the electrical conductance (G), thermopower (S), Peltier coefficient (∏), and the electronic contribution to the thermal conductance (κ e ):
where
From the above expressions, the electronic thermoelectric figure ZT e =S 2 GT/κ e is given by
Strategies for increasing thermoelectric performance
Based on the above expressions, we now examine three strategies for increasing thermoelectric performance.
Strategy 1: Utilising a steep slope in T(E).
For 
. Hence in this limit, these formulae take the form [63] :
Equation (10) demonstrates that S is enhanced by increasing the slope of ln T(E) and hence quantuminterference-induced resonances or other features in T(E) with steep slopes close to E F are desirable.
To estimate what constitutes a "steep slope", we note that the Wiedemann-Franz Law, (equation 11)
Therefore in the low-temperature limit, if > 1, then we require 2 > , ie. > 150 µV/K
Strategy 2: Utilizing resonances in T(E).
Insight into alternative strategies for maximising ZT e can be obtained by taking a 'statistical' view of equation (3, 4, 7 and 8) , which demonstrates why the denominator of equation (8) . Then the mean of ( − ) is < − > = ∫ ( )( − ) and the variance is 2 = < ( − ) 2 > −< − > 2 . This yields for equation (4)
Furthermore equation (8) becomes
which is clearly positive.
The mean < − > and standard deviation capture essential features regarding the shape of ρ(E) and P(E). Equations (13) and (14) reveal that S and depend only on these shape parameters and are independent of 0 . Only the electrical and electronic thermal conductances depend on 0 . This feature which can be traced to the fact that = 
Strategy 3: Utilising steps in T(E).
As alternative to using narrow transmission resonances, we now consider the step-like transmission shown in figure 1b, which occurs in periodic structures such as a crystalline lead, where T(E) is equal to the number of open channels and therefore changes in integer steps [65] . As a simple example, we now examine the thermopower and ZT e of a system with a 
where 
Also since �− � is odd, 1 (∓∞)=0 and 1 ( 0 ) is a maximum at 0 = 0. Furthermore,
and since �− � 2 = 0 at = 0, the slope of 2 ( 0 ) vanishes at 0 = 0.
In terms of ( 0 ) the thermoelectric parameters become
These equations show that the natural unit of G is Similarly for a two-step transmission of the form T(E) = B for E<E 0 and T(E)=0 for E 1 >E>E 0 and
So far we have ignored phonons, whose contribution to the thermal conductance is
where ( 
In this expression, the quantum of thermal conductance is 0 = 
Strategy 4: Minimizing the effect of inhomogeneous broadening
In a thin film, such as that shown in figure 9 , the properties of many molecules in parallel will depend on intermolecular interactions, quantum interference between nearby molecules mediated by the contacts, defects in the electrodes, impurities, pinholes and fluctuations in dopant concentrations. As a first step towards understanding the role of such inhomogeneous broadening, if intermolecular interactions are ignored in a SAM of N molecules in parallel, then if molecule j has a transmission coefficient T j (E), the moments appearing in equations (1) and all subsequent equations should be replaced by � = ∑ =1 , where
This means that equation (4) is replaced by The above classical behaviour occurs when the spacing between molecules is greater than the inelastic scattering length (sometimes called the dephasing length) φ , beyond which a classical Boltzmannbased description can be used [66] . In a more dense SAM, the role of intermolecular interactions would have to be included up to length scales of order φ . In this case, one should divide the SAM into M plaquettes of area φ 2 and compute the coefficients 0 ( ) and 1 ( ) for each plaquette (labelled ), whose values will depend on the arrangement of the molecules within each plaquette and on defects in the electrodes contacting the plaquette. The quantities ��� would then be averages over all such plaquettes; ie ��� = 1 ∑ ( ) . In this expression, ( ) is not simply an average over singlemolecule values ( ) , but instead should be computed by solving for the transmission coefficient of a whole plaquette or measured in for example an STM break junction using a tip of cross sectional area greater than or equal to φ 2 . Nevertheless, with this redefinition of ��� , equations (25) and (26) remain unchanged.
Conclusion
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